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Optical contact has been proposed as a method of bonding quartz parts 
of the Stanford relativity Satellite, in this paper the theory of the 
van der Waals force is outlined and applied to the problen of optical 
contact*— Ihe effect of various contaminations, is discussed and a program 
of experimentation to further study of the problem is presented. 
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INTRObUCI ION 

Optical contact has been proposed as a method of joining iu.-;cd 
silica parts in ;h i Stanford relativity satellite. Since little i: 

i 

known about opti:U contact, we shall present a theory of optical 
contact and a program of research to further determine the properties 
of the bond. 

When two flat polished glass surfaces are pressed together, an 
adhesion takes place in me area around trie point where the force is 
applied, Ihe adhered area shows up as a ‘’dark" spot between the glass 
plates, it the pressure is applied long enough, the spot begins to 
grow, even when the pressure is removed, until the entire area appears 
uniformly dark. The glass pieces cannot be separated bv force without 
breaking, indicating that there is considerable adhesion between the 
surfaces. This phenanenon is called optical contact. 

Optical contact has been an obscure and little understood laboratory 
curiosity for many years, and has been described by many observers, 
including Lord Rayleigh, Only a complete development of the quantum 
nature ot the forces involved hes given us an explanation of this 
phenomenon. Indeed, any application of optical contact for practical 
adhesion ol glass to glass depends on an under » and ing of the forces 
involved . 

fptic.iij. 1 ondect pic. as o> quart! can be Sc; stated by immersion in 
•■t suitable penetrating oil. This is a very rueful property »l lowing 
parts tc be demounted after assembly 
property ot distributing strains ovei 


In addition to this is the 
the entire .surface. 

OP THE 
POOR 


keproducibiuty 
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With mechanical fasteners , the strains, are concentrated at the Roint 
of fastening, Since^the relativity satellite will be cooled to four 
Kelvins, the spreading of thermally induced strain is an important 
property,. 

In this paper we shall present a plausible theory of the nature 
of optical contact, explain the separation by immersion in liquid, and 
present a program of experimentation to_ investigate various parameters 
that are of technological interest. 
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II. iNTtKVVL AND SUM- ACL .iTRUCTUKc 01 I USbl' SILICA 


It is commonly agreed that all silicates and silicate glasses are 
made up of silicon oxide tetrahedra which form the basic units of the 
vitreous skeleton. Structures of this_k-iruL follow Pauling’s rule, which 
states that adjacent tetrahedra can combine only at the comer*; that is. 
through the common oxygen atoms, but not at the edges or faces, figure 
1 shows— a— representation of the SiO^ tefrahedion and the distances 
involved (1). 



figure 1. Silicon Oxide Tetrahedron 

The internal structure of vitreous silica consists of amorphous 
chains of the bas-ic tetrahedra (Figure 2). This concept is supported 
by thcoretical-Mork-by-Zachariasen (2) and x-ray diffraction work bv 
Warren (31. 



* NrlnorW forint r 

O 

I igure 2. Irregular structure of Vitreous Silica 
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Lach silicon ion is effectively '’screened' 1 by the oxygen ions in the 

arrangement of Figure 2, and the bond between the silicon and oxygen is 
basically ionic. The structure is not perfectly rigid, since the chains 
of teirahedra can flex somewhat with applied force. This means that 
under. sufficient pressure, glass can flow slightly. 

In the interior of a piece_o£_ silica each silicon ion is surrounded 
by oxygen ions, thus producing a minimum energy configuration with 
respect to ionic and overlap bonding. On the surface, havever, the 
silicon ions can possess extra energy since they cannot be surrounded by 
oxygen ions. Therefore the surface of a piece of silica has excess 
energy compared to the interior of the same piece, a concept confirmed 
by measuring the energy necessary to create a new surface by shattering. 
Since the surface is not in a minimum energy configuration, it follows 
that a silica surface will be chemically reactive with surrounding matter. 
For example, a surface silicon ion will possess less energy when bonded 
to a water molecule than when unbonded, allowing the hydrogen ions to 
surround each silicon ion in the surface and producing a minimum energy 
condition similar to the interior, 

A silica surface is particularly reactive with another silica surface. 
When glass bottles come out of the mold, they must be sprayed with a 
coating or they will 'jieze on contact, lhe adhesion of silica to siiica 
lowers the surface energy to Thai of the interior, making a strong bond. 

If the silica surface is exposed to w.-i»r hydrogen ion* in water 
serve to screen the silicon ions, forming a ehcii-.il bond between the 
silica and a thin layer of water on the surface 
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This layer is at most a few molecules thick; for once silicon ions un 
screened, the chemical attraction for more water molecules is lessened. 

Finally, the surface of a piece of silica exposed to the air for 

any lenftb of time is covered with a chemically bonded layer of water. 
Since the water layer forts a barrier to a silica-silica bontL, what 
force is responsible for a optical contact? 
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111. m NATURfc OF nib BOND 
Van der Waals Forces 

It is known that there are attractive forces acting between 

\ 

neutral atoms or molecules which are asperated by distances that are 
large compared with their own dimensions. These are known as van der Waals 
forces ..and— are of . a long-range nature, for they decrease according to 
a power law. It is these van der Waals forces— that are responsible for 
optical contact. We shall give a brief outline of the theory of these 
forces and present an equation for the binding force between flat plates 
which takes into account the material of the plates, the temperature, and 
other parameters. A rigorous derivation of the force equation is given 
in the appendix. 

The Lifshitz theory of the van der Waals forces (S) is based on the 
idea that the. interaction takes place through a fluctuating electro- 
magnetic field. Because of theoiodynamic-f luctuations , this field is 
always .present in the interior of a material medium and arises from a 
statistical-displacement of the atoms from their equilibrium positions. 

The-van-der Waals forces arise, from electromagnetic interactions. 

As was shown by London in 1930, they arise from second-order perturbation 
theory applied to the electrostatic interaction between two dipoles; the 
energy of the interaction is proportional to the inverse sixth power of 
the distance between them. The existence ot attractive forces between 
neutral atoms suggests analogous forces between any two macroscopic bodies 
whose surfaces are separated by very small distances. 
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We can rough ly visualize these forces in the following way. The 
average distribution of electronic charge about a molecule is symmetrical, 
for this is the minimum energy configuration. However, the electrons move 
about, so instantaneously the configuration departs from symmetry, and 
a small dipole exists, this momentary dipole will effect the electronic 
distribution of a nearby molecule, inducing an oppositely oriented dipole 
moment onto the second molecule. Although the momc; ':ary dipoles am 1 
induced dipoles are constantly changing* the net result is attraction 
between the molecules. 

The calculation of these forces on the basis of interaction between 
individual atoms is impossible, however. In material bodies the close 
packing of the atoms materially changes the properties of their electronic 
envelopes, and the presence of matter between the interacting bodies alters 
the electromagnetic field through which the interaction is effected. 

The interaction between atoms in a solid may be treated theoretically 
by replacing the lattice surrounding the atom in question by a hypothetical 
effective field, which_su»s_up all the interactions of all the surrounding 
lattice. Then the interactions between a given atom and the lattice are 
calculated by considering the interaction betweeiuthe atom and the effective 
field, a much, simpler calculation. Lifshitz (S) used this approach in his 
theory of the van der rtaals force between macroscopic bodies. He made the 
following assumptions: 1) the material bodies are continuous media, 2) the 
interaction is through an effective field. 3) the attractive force is due 
to the increment to the energy of a material body due to long wuvelength 
fluctuation of this fiold, and 4) the distance between the bodies must be 
small compared with the wavelength of the fluctuations of the iield. 
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Using these essunptjons Lifshttt arrived at an expression for 
the force between two plate, that varies as the inverse fourth power 
of the distance. The limitations on the-equation are that all 
characteristic dimensions of the syston must be large compared with 
interatomic spacing. 


It should be made clear. that the fluctuations in the field manifest 
themselves externally as. quinta of relation, and w -.elengths must be 
large compared to atonic spacing. Ml properties of the long-wave- 
length fluctuations are completely specified by the complex dielectric 

permeability of the body. 


The Force Equation 

Dzyaloshinskii , Lifshltx. and Pitaevskii (61 have derived the 
following equation for the force per unit area V between two solids 


(See Figure 3)i 




Figure 3. (ieometry of derivation. 
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where is the separation between the solids. £ is the speed of light in 
vacuuo, -fi_ is Planck's constant, the static dielectric constant of 
the material n , 


S 10 - j 

/ 

l 6 so 

- I -h P^) ** 

3 

(i*- 

- i 


andjj_is a parameter involving the surface geometry of the integration 
and is dimensionless. 

If we assume that materials 1 and 2 are the same, and material 3 
is a vacuuit, then t Ao * and e lw - j. . 

Equation 3,1 becomes 

i~ 36 c f r (s - p ) ( p 6^ d p 

*’* " rbfT^ J [(Sfp’i 3 - 1 ( «i +P6 4 ,) z 

3.3 
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where $ - (&<, — l * p)** . This equation is limited by the requirement 
that X KT/h o 1 . (For a more complete derivation of this equation, 

see the appendix). 

It is to be-noted that equations 3.1 and 3.3 ate- independent of 
temperature. This means that for temperatures normally encountered 
(from roughly four Kelvins to several hundred Kelvins) the tem peratur e 
variation in the force. is.. .very small. 

Applications to Quart! 

The case of quartz has certain peculiarities because of the specific 
properties of its absorption spectrum. Quartz absorbs strongly in the 
ultra-violet (from about 1500 fc) and in the infrared if ran several^) 
and between these wavelengths is transparent. The contribution of the 
ultra-violet absorption band to F can be estimated from equation 3.3 by 
putting fe 0 equal to the square of the refraction index in the transparent 
optical region. The cctitribution_of the-infrared is smaller by a factor 
ivOofc (e*> 0 is infrared absorption frequency); thus we c an ne glect 
it and use equation 3.3 to calculate the— force. 

In Table l we list the characteristic constants for quartz to be put 
in equation 3.3 for tlu> force calculations. 

lAdLi I 

Values of Physical parameters 
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The force equation (3.3) was then integrated numerically pvet a 
range of to+rmoo. Above 100 the increments to JH were converging rapidly 
to zero l<IO parts per integration). The results- of this initiation 
and the force per unit area as a fun ction-ojf plate separation etw given 
in the appendix. The values of the force for pure dry quartz range 
from 2.7 x 10"“ nt/fln at 100 A distance to 274 nt/cm 2 at 10 A. Ti .is 
force, implies considerable adherence. 
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IV. OTHER ASPECTS OH THE OPTICAL UUNl* 
i=ff»rts of Surface Contamination and Surface Roughness on The Dojul 


Surface- contamination and surface- roughness can have a large ctfect 
on the bonding of two pieces of silica. If particulate contamination is 
nresent. then the surfaces are prevented from comjng uito the intimate 

t 

contact necessary for optical bonding. Also, if surface irregularities 
are present the surfaces will, not contact in a large enough area to fora 

a bond. 

In an experiment to determine the extent ot particulate contamination 
of ••clean" glass, Bastow and Bowden (7) report that when a clean plate, 
optically polished to within .25 micron of flatness, was lowered onto 
a similar plate in air, the two surfaces remained about four microns apart 
and-did not come into contact. This was due to the use of ordinary cleaning 
procedures which left particles about this size on the surfaces. However, 
when extreme care was taken in cleaning and protecting the surfaces, the 
distance between the surfaces was about 0.4S microns. 

If we assume thatuxwo plates are 0.45 micron apart, wc can use the 
theory of the previous section- to calculate the van del Wauls torce. 

Referring to Table Al in the Appendix, the value of the force is o x 10 9 
nt/cm* , a wr,- small force, therefore, the pla«* > must be pushed together 
with considerable foi^c oiJv« to br.ng *'.< •' • enough together to 
cause adhesion. Ihis totce will increase a the amount ot dust contamination 

increases. 
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An estimate of the force necessary to push the plates together may 
be made by the foliating technique. If there are five- particles each 
five microns in diameter per square-centimeter cm the surface of a-piece. 
o£ quartz, we may use a method developed by Holm (8) to determine that 
it takes approximately 100 grams of force to push another plate into 
contact with the first piece- of silica and bury_ili£_particles into the 
silica. This is assunin g a contact hardness of 70, 000 Kgf/cm^ for 
silica. (9). 

If the surfaces are not perfectly flat, then the contact area will 
be quite small. The actual contact area can be calculated using another 
method of Holm. The load £ and the hardness H are related to the contact 
area A by the formula 

P • KHA 4.1 

where K is 0,02 for a polished surface. 

The factor J( varies with the degree, of flatness of a surface; for 
a-one quarter wave fiat the factor is less than .001. If we assume a 
value of 0.02 then we may calculate the contact area as a function of 
load. 

Table 11 shows the results of this calculation of contact area as a 
function of varying pressure, neglecting the van !er Waals forces. 


TAB Lb II. 


Load. K 

I 

1 

2 

10 

50- 

100 


Contact Area, err 

7 x 10" 4 

1.4 x 10* 3 
7 x 10" 3 

3.5 x I0* 2 
7 x 10’ 2 


If we assune that the areas in contact are closer than twenty 
Anas t roots to each other, then from. Table II we obtain the figure of 
1,4 x 10" 3 cot 2 for a load of two kilograms. This will produce a binding 
force (See Table AI in *he appendix) of over a hundred grams , enough to 
cause the pieces in contact to sieze. This is in agreement with Bastwr 
and Bowden, who reported, M A pressure of several pounds was applied to 
the top plate .... The plates now adhered to one another and it required 
some force to separate them." 

We may conclude that the formation of an optical contact bond is a 
function of the amount Of particulate contamination and the surface 
roughness. If the surfaces are extremely flat, to a quarter or tenth 
wave, then the factor in Holm's equation is reduced furthor and bonding 
will occur at a pressure of a kilogram or lev.. 

The particulate contamination is also un important factor in the 
formation of the bond, sinca a large rnssber of p.irticles can prevent the 
surfaces from coming into intimate contact. 
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The particulate contamination should be kept ja low as possible 
in order to 1) reduce the force necessary to form the bond, and 2 ) to 
form a stronger bond. A class 10,000 clean room is recommended a a 
rainimun requirement for assembly environment. 

Effects of Surface Water Films 

The previous discussion has been based on a cl»«n, bare silica 
surface. Since a fresh silica surface is extremely reactive, we must 
assisne that any piece of silica which has been ground and polished will 
have a thin film of .water chemically absorbed onto the surface. The 
presence of water on the surface forces us to change our calculations 
on the force needed to produce bonding, for McEarlane and Tabor (10) 
report that the adhesion of a glass bead to a flat plate was dependent 
on the humidity of the environment. The experiment was repeated with 
glass plates in a hunidity controlled environment and the results are 
shown— in-Figure 4. 


IS 


t 



ti'lativo liunmtuy 


Figure 4. Adhesion of glass surfaces as a function of the humidity 

of the atmosphere. Curve •shows adhesion results. Curved 
shows the thickness of adsorbed water film as a function 
of huaidity. 


It is apparent that the-strengfh of the adhesion depends on the 
thickness of the water layer on the surface. Let us use the theory of 
Section IU- to calculate the force between quart 2 plates wath a thin- 
layer of water adsorbed onto the surface. Using 80 as the value of the 
dielectric const an t, equation 3^3 was evaluated numerically as a function 
of separations the results are shown In Table A II in the appendix. For 
all distances the force is almost five times stronger with a water film 
than without. Ihese nunber* arc rough, fur thei't: are many unknown 
parameters. However, this does confirm that the film of water makes a 
stronger bond than bare silica. More will he said about this in the 
conclusion section. 
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The Theory Applied to Other Materials 


It is_of sane. interest ta determine the van der Waals force between 
materials— other than quartz, and for metals as well. The only materi-aJL 
property that enters into the derived force equation (3.1) is the 
dielectric constant *. For_other solid insulators , jLhe force will not 
vary a great deaL fraft that of q uart 2 . since the range of 4i^’;ctric 
constants of inorganic nonmetal lie solids is not large. 

The basic theory can be implied to metals as well^ — Assuming that— 
two perfect mirror plates are in vacuum and the dielectric constant 
approaches infinity, the force equation becomes 

F - TT* 4.2 

which, for a distance of 10 Angstrans, gives ? x 10 4 newton per square 
centimeter. 

The result is-much-4arger than for quartz, giving a strong cold 
weld to metal , 

Methods of Breaking The Bond 

It has been determined that the low viscosity oil used to separate 
gauge blocks can similarly separate optically bonded pieces of quartz. 
The mechanism of the breaking of the bond was studied by Mcl-arlane and 
Tabor, (IUI who suggest chat it materials are l anded through a liquid 
film, the strength of the bond lies in the amount of energy required to 
create two fresh surfaces when the bond is broken and the film broken: 
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That is, energy must be expended to create the new surface. I£_the 
pieces bonded together are immersed in a liquid which wets the material, 
there is no new aurface created and the bond strength is lowered- Jto that 
produced by the viscosity of the liquid. The pieces can be separated 

slowly .creating no new liquid surface. 

Si nge optically bo nded quartz_can be separated by the oLl_it seems 
that, the opt ical ..contact is indeed produced in part by a thin liquid 
film on the quart t_surf ace. This implies that liquid immersion of sane 
sort may be the best method of separating the plates. Later we shall 
outline a research program to find the best method of breaking the optical 


contact. 


\U CONCLUSIONS AND RtCOJMfcNDATlONS 


From the Above theoretical discussion we may draw the following 
conclusions; 

1) Optical contact is a complex phenomenon dependent on the 
previous history of. the surfaces to be bonded. 

2) The bond-is-a result of van~det_Waals forces acting 

between the quartz-bodies, but modified by absorbed 

layers of water on the surface. 

3) The bond can be broken by immersing the quartz pieces 
in a suitable liquid and slowly moving them apart. 

4) The formation of^ the bond is strongly dependent on 
surface flatness. However, by applying sufficient 
pressure, less flat pieces may be bonded. The objects 
to be bonded must have surfaces flat to one quarter 
wave; one tenth wave would be better. 

5) The bond is dependent on the amount of particulate 
con t am ination-p res en t . 

The contact should be initiated in at least a class 
10,000 clean environment. 

It may be possible to use optical contact in technolo gy; however, 
much remains unknewn about the practical aspects of the bond. The following 
program of experimental research is strom-h* recommended to fill gaps in our 
knowledge of the phenomenon. 
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Program of Lapei i .nontax Research 

In order to technologically use optical contact, the following 
areas need further exploration: 

1) Pressure necessary to form bond as a function of 
surface -roughness and flatness. 

2) Uffects of. surface particulate contamination. 

3) Uffects of humidity on bond initiation. 

4) Measurement of strength of bond as a function of contamination 
and- amount cf water vapor present . 

£) Strength of bond at cryogenic temperatures, particularly 
four KeKir.s. 

0) Permanence of bond. 

We shall outline experimental-methods to implement this explorer law . 
Material for Uxperimental Test Pieces 


A minimum of -five pairs of fused quartz cylinders will be renuired 
as test pieces, each with a large height - to- J lame tor , ratio (greater than 
1:1) ^ and with mat ing_surfaces polished flat, (figure Sj . These may be 
obtained by core-drilling sample pieces out of~a large flat piece; this will 
ensure that the test pieces are flat to the edge. The large height-to-diametcr 
ratio will allow the test pieces to be fastened down for strength tests. Tbc 
pieces shp'ild '•.i.e rick ej: in: s '’ l'" ftachmer.t to a machine for 

tensile tests. 
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Pressure Necessary to Form Bond 


A device to bond the pieces with a known applied pressure is 
shown in Figure 6, A means of observing the bonding surface while under 
pressure should be provided. 

Humidity Effects 

A chamber in which humidity can be easily controlled should he 
provided for the pressure device. An enclosed area such as the room used 
for electret research would be an ideal controlled environment, for the 
humidity can be controlled easily in such a room (Figure 7). The time 
to form a bond and the bond strength should be measured as a function 
of humidity under constant load. In addition the load variation at 
constant humidity should be measured. 

Strength Measurements 

A tensile stress machine should be provided to pull on the 
samples and test the bond strength. A commercial machine would serve 
quite adequately for this purpose. After-eacb bond is formed the force 
required to break the bond should be measured up to a realistic 1 ifflit; the 
force should not be sufficient to break the quart z itself, for the required 
bond does not have to be that strong. 

basi.- Lit et Inc 

It lias boor, noted that optically bonded piecos of glass tend to 
come apart after a certain length of '■ine, i\ ?ts should be made to determi 
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Figure7. Hiwidity charter to test humidity depeidence of Opticel Bond. 
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in addition to the tensile strength the decay time of the bond as a function 
of surface flatness, particulate contamination, and temperature. 

Temperature Dependence 

A cryostat capable of maintaining the sample at four Kelvins and 
physically isolating it from the cooling fluid will be required. In 
addition, the cryostat should allow performance of tensi le_stxength tests 
while the sample is at cryogenic temperature, buch a cryostat is shown 
conceptually in Figure 8. 

Cryostat description 

The quartz test pieces are mounted in a chamber which can be 
pumped down to at least 10" 3 torr, and the chamber is sealed with an indium 
o-ring to exclude the cooling fluid. The test chamber is connected to the 
top plate which is .at. room temperature by four stainless steel tubes, each 
one half inch in diameter by q.OlS inch wall thickness. Another tulip will 
enter the chamber, sealed by bellows, and will exert an upward force on 
the sample. A needle valve of special design will allow cooling llui.l to 

enter the chamber in a controlled way. 

The upper part of the cryostat should consist of a sturdy plate 
for rjnunt i a vacuum ct ion and value. 'he tensile stress tube 

should lie attached t- a imiunce beam so »<•*»>.. .n <•.'*/ Ic attached to nut 
stress or. the sample, figure bj . 
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Figure fl. Tensile Test Cryostit Semple Chamber 
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The test dewar should be of. metal and have two sections, one 
for a liquid nitrogen jacket surrounding the center where liquid helium 
may be placed. 

The program of experiment shoulcLmainly test bond .stren gth at 
four. Kelvins as a function of humidity when the bond is made.. Also, the 
effects of immersion. in liquid helium should be tested. 

In -conclusion this program of experimentation should yield 
sufficient information to determine the feasibility of using the optical 
bond on the relativity satellite. Also techniques will be developed to 
aid in technological use. 
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. DERIVATION OP HIE FORCE EQUATION 


3(1 


V 


Appendix 1. Derivation O’ the Force Lquation 


Fol lotting Uzyalosliinskii , Lifshiiz, and I'itaevskii we shall present 
an out line of the derivation of the force equation 3.1. lor more detail 
the reader is referred^to reference 6. 

Using the Feynman invariant technique, the above authors solve in 
principle the calculation of the van der Waals part of the therntodvnuinic 
vari allies of a body in terms of the Green’s functions as propagators of 
the interaction. 

The gap separating two bodies ma;. be eons irk-red to be filled with 
any liquid. We shall denote the two solid bodies by the indices 1 and 2 , 
while the medium which fills the gap will be denoted by the index 3. The 
gap will be represented by two parallel planes. 

The total force acting on the body 2 can be calculated as the total 
momentum flux that enters the body frum medium 3, that is. as an integral, 

over the surface; where 0; K it the stress tensor in medium 3. From the 
Feynman techniques the stress tensor can be written in terms of the Greert's 
functions as 


T 
H IT 

L. 

. X 

X 

K. 



■+ 



• 

1 / 

M.l 


where _T is the temper ature , is the dielectric permeability ol medium 3. 
and the D's are the Green* i functions. 
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We can now write the force per unit area of body 2 as 

m * Oi' u) = £ l o 'fe 3 [t>, f e ({/j a ► 

A 1.2 

- o .."W; f^J t 

where a positive force corresponds to an attraction and a negative to 
repulsion. 

The problem is reduced to solving the standard equations for the 
Green's functions. It can t>e shown that the parts of the Green's 
functions which depend on the sum make no contribution to the expression 
AU2 for the force £. if we put X * X' in a solution of the form f‘ (,X +X» 
we would obtain a momentum flux in the gap which varied with the co- 
ordinates, and this would contradict the conservation of momentum. 
Therefore, only those parts of the Green's functions which depend on 
X * X' will be taken. 

The Green's function solutions_afe~given as follows: 

A ( uJ, >1 , X <■ O 

« up ( -na'a x >6 A1 * 3 

C I « */* ( '*>i t) 1 *’ 4 * ! ') v’ 

i 

. ,< «c JL 
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Determining constants front boundary conditions wc have 



Jj V_ cot»U V) 

Wj A 


where 


A 


I - e^p 



(w, *• *^3 ) { *-Hi *• - ^i) T 

W 5 )(vaJ a -uj 4 }J t 


where 


VO 



2.HVtK| t and q is a function of the surt ace.. 
In like manner we can get for Dy> 



U |T wJj 


C o'bU w, { x * * ) 
a * 


where A 


I - £ > P [U vdj £ ) 


(t, Wj -63 W.] (^aCU, - ^jOJ A ) 


and the other tireen's function*: 
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■W 



4 rr < q . , \ 

rr — - :» • ^ n iO j ( > - * ; 

§»n.j a 


M n q 
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A1.4 


A 1.5 


A1.6 


•XI. ’ 


A 1.8 


K r v 

If we now calculate the quantities D; K U. i ) c \ j and 

% n ) and substitute them in eqn. ( A 1 .2), we get: 


FCft. .A 


■--hr f ' J"? 

*1 = 0 Jo 


• ,JU 4 ( 4 


r'-L - 


_L 

2 


) 


Ai.y 


Transforming to a new variable of integration p, where Cf = l)J 

and returning to a normal system oi units,_we obtain the final expression 
fof the force F acting on unit area of each ot the two bodies- (media l and 
2) separated by a gap of width ./ which is occupied by medium. 3 

r ( #\ - AI?, V. t l : U P ^ 


'/a. 


K-- 


J. ins , ^ =• ; J 


Al. 10 


+ tJ h ikin' \ . ,1 1 ) j 

where /t-i -* +-^ b. *(' <v 4, -I +i«*) ^ -- -< n * kT/* . 

are functions of the imaginary frequency >. - ^ M t ^ 

is doltcmann's constant. The summation is taken over integral values- of 
n, and the dash attached to the summation - ign denotes that the term with 
n*o is given half weight. Positive values of 1 ; correspond to attraction 
between the bodies and negative values to revulsion. 

Pus formula 1 1 1 ■■■ ■ , : i . :.<•■ loi bodies it! .rated by an empty gap> 
was first derived by Ltfshitz bv mothei tvP'o. > : .*e.h did not use the 
techniques of quantum field theory. These techniques are, however, 
necessary for the generalization of tic result i.. <i gap filled by an 
arbitrary inediua. 
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The only_macroscopic properties of the bodies that determine the 
strength o£_ the molecular interactions are the imaginary part of their 
corag. le* dielectric permeabilities. If the bodies are identical ( w,* ) 

then the expression under the integral is_always positive for all the 
tettns of. -the sum-in (A1.10) and for given values of jj and ^ it decreases 
monotonicaliy as increases. Uence_Lt follows that F>oand dF/df<0, i.e. 
identical bodies attract one another irrespective of the size of the gap 
between them while the attractive force decreases monotonicaliy as the 
gap increases. 

This statement is also valid for two different media which are 
separated by an empty gap ). If the bodies differ and the space 

between them is filled by some fluid, then the force between them can be 
either attractive or repulsive (see below). 

The general formula (Al./oj is very con^ilicated, but it can be 
considerably simplified if we use the fact that the influence of temperature 
on the interaction force usually turns out to be negligible. 

Because of the presence of an exponential under the integral in Al.lu 
the important terms in the sun wi 11 be those for which c &/ k 77 * 

For iKT*/ c & ± ( large vaiues of n w.il thus -he— important and we can 
replace the sum by an integxaiLPn over dn - ( */Jrr k T*) , The temperature 

nay drops out of the formula and we are H: t viii the following result- 



REPRODUCIBILITY OF THE 
ORIGINAL Pi.^TS POOR 


V. 


Equation (Al.ll) is still complex but it can be simplified further 
in two important limiting cases 

Hirst we consider the limiting case of small distances, b y whic h we 
mean distances which are small compared to the wavelengths^, which 
characterise the absorption spectra of the given bodies. The temperatures 
which are applicable~£or condensed bodies are certainly small compared to 
the^w which are important here (for example, in the visible region), 
and therefore the^ inequality kT?/fc << I is Known to be satisfied. 

Because of the exponential factor exp ) in the 

denominators of the expression under the integral, those values of p for 
which f/c si* I are dominant in the integration with respect to Jg. In 
this case p»L and therefore we can puts*!> A fcP in the main terras, in 
this approximation the first ten* in curly brackets in (Al.ll) is zero, 
while the second term gives on the introduction of the variable of integration 


F' e '~ 


Al. Id 


(in this approximation the lower limit of integration with respect to 
is replaced by zero). 

fhis force is proportional to the inverse cube of the distance, as would 
be predicted by the usual theory of van der Waais forces between two atoms. 
The functi ons | -. j dectease monotionical ly us £ increases and tend to 
zero. Therefore values ot £ Mtich lie beyond a certain^ 1 make a negligible 
contribution to the integral; the condition that j should be small is that 

-f C /fo . 


3C 






To estimate the accuracy of the limiting behavior derived above 
it is useful to have the next term of the expansion of the function V {J j . 
Calculation from the general formula (Al.ll) gives (for similar bodies 
separated by a vacuun, the expression 



which must be added to (A/stkJ. However, it is not possible to make a 
realistic estimate of the region of validity of the limiting law without 
knowing the form of- the function £(•<£ ). 

To an accuracy which is quit-e sufficient in practice, (A1.12> 

can be written in an even simpler form by neglecting unity compared to 
the term with t in the square brackets. (The accuracy of this reduction 
is connected to the fact that an integral of the form 



varies very little as a varies from to 1; from 1 to 1*2 for n*2, to 
1*08 for n»3 to 1*04 for n*4, etc.) Then the integration with respect 
to dx can- be carried out in an elementary way, and instead of (A1.12) we 
get 





UJr 



AU£ 


The quantityjttj) is some characteristic frequency for the absorption 
spectra of ail three media. 

We now .turn_to the opposite limiting case, that of "large!. 1 distances; 
| y . We shall however siy pose that the distances are not so large as 
to invalidate the inequality I 

We introduce into the general formula (Al.ll) a new variable of 
integration , but as the second, variable -e take-not. J[_ (w$ 

above), but p : 


F =• - 


At. lb 


1 «*» (*■ <M> 

Because of the presence of the factor exp ( % £*»- ) in the denominators, 
values of 7 ^ 5 1 are the only ones important in the integration over dx^. 

and since p2| the arguaent of the function <? for large ^ is nearly zero 
over the whole, of the important range of the variables. Because of this 
we can rep lace by their values for^o i.e, , the e lectrosJtat \ c 

dielectric constants. If we then replace *(*4^ by we finally obtain 
the following result 






+<= 0 ( 3,16 
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where £ (Pt are the electrostatic dielectric constants. 

In accordance with the above property of integrals of the type 
of_(Al.M). equation (A1.17J can be written with considerable accuracy 
in the form: 

f- f fe" ~l **au\*»\ A1<18 

'torVtfcu O^J, fcvrpfeM+ri 

X 

Here only one integration remains and in principle this can be reduced 
to elementary functions; the result i*j however) so unwieldy that in real 
calculations it is better to use numerical integration. 

It was pointed out above that ii the two bodies differ and the 
medium between them is filled with fluid the interaction can be either 
an attraction or a repulsion. Thus, from (A1.1S) it is clear- that if 
£ • have opposite signs in the important frequency 

range, then l : <0. i.e. the bodies will repel each other for "small" 
separations. At "large" separations the forces are deterfflined_by the 
electro static values of the dielectric permeability: ife,„- and 

& Xt/ - have the same sign f>0, while if their signs differ KO. 

furthermore, since the relative magnitudes of <r l0j e AO| are not in 

general related to the behavior of the functions 

in the frequency range which is important for these bodies, it is possible 
in principle to have cases in which £ changes sign at some value of J( . 

Ihc temperature dependence has dropped out in equation A1.1H, implying 
that the force is independent of temperature over the range normal 1> 
encountered. 
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This is true as 


long as A • , for at optical frequencies T> <0 K. 

Therefore as long as we are at temperatures less than 10P0 Kelvins there 
is little change of the van der Waals force with temperature. 


APPENDIX II. TABLES OF VAN DER WAALS FORCES AS A FlWCTItN OF DISTANCE 
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VAN DER WAALS FORCE BETWEEN QUARTZ PLATtS AS A 
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